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§ While there has been significant effort on numerical analysis of different computational

methods, there is less work comparing the effectiveness of a particular parallel
numerical methods.
§ In this work, several numerical methods for solving the one dimensional Klein Gordon
equation on a single core are reviewed and their effectiveness evaluated.
§ The Klein Gordon equation is chosen as a mini-application because it is relatively

simple, can be used to evaluate different time stepping methods and spatial
discretization methods, and is representative of seismic wave solvers, and weather
codes, all of which use a large amount of high performance computing time.
§ As a prelude to a three dimensional study of parallel solvers, a comparison of solvers
for the one dimensional Klein Gordon equation on five architectures is presented
showing the effects of discretization method on time to solution for a specified accuracy
on a single core.
§ Such a method can be informative in choosing where to run an application to get the

most cost efficient results.

§ The Klein-Gordon equation occurs as a modification of the linear Schrödinger equation

that is consistent with special relativity.
§ The one dimensional Klein-Gordon equation takes the form: !"" = ∆! − ! + ! ' .
§ The cubic Klein-Gordon equation is a simple but non-trivial partial differential equation
whose numerical solution has the main building blocks required for the solution of
many other partial differential equations.
§ In our previous study, Solving the Klein-Gordon equation using Fourier spectral

methods: A benchmark test for computer performance, the library 2DECOMP&FFT was
used in a Fourier spectral scheme to solve the Klein-Gordon equation and strong
scaling of the code was examined on thirteen different machines for a problem size of
5123.
§ The problem was chosen to be large enough to solve on a workstation, yet also of
interest to solve quickly on a supercomputer, in particular for parametric studies.
§ We concluded that unlike the linpack benchmark, a high ranking will not be obtained
by simply building a bigger computer.

§ Aseeri et al. examined performance of a Fourier pseudospectral solver for the

three dimensional Klein Gordon equation using a second order time stepping
scheme:
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§ In high performance computing, finite difference methods on uniform grids are

often used because they are easy to parallelize and have good scalability
properties.

§ Typically, low order finite difference methods are used.
§ It may be the case that these are not the most efficient.
§ The Klein Gordon equation is a model problem for which one can test the

efficiency of different solution methods.

§

This work gives a comparison of 4th, 6th and 8th finite difference approximations for an exact solution of the one
dimensional Klein Gordon equation.
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§

The sparse linear system is solved using a conjugate gradient algorithm, using the previous iterate as an initial starting
guess.

§

For these programs, memory bandwidth is a limiting factor and to minimize the number of memory accesses, the
coefficients are programmed using a matrix free approach.

§

The example programs are written in Fortran. Accuracy is evaluated by comparing the exact travelling wave solution
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The equations will be discretized first in time, and then in space.
§ Time Stepping algorithms used are:
§

§ Semi-Implicit Second Order Leap Frog Method
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§ Semi-Implicit Fourth Order Leap Frog Method
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Spatial Discretization:

§ In schemes that use the Fast Fourier transform, time stepping is done in Fourier space, and nonlinear term is calculated in

real space. The derivatives in spectral space are calculated by multiplying by the wave number. For the time-stepping
scheme, fixed point iteration is used to calculate the nonlinear term.
§ High order finite difference discretization for the one dimensional Laplacian operator in given in the previous table. A
second iteration is not required to compute the nonlinear term, since the time discretization requires a variable coefficient
elliptic equation to be solved at each timestep, for which the iterative conjugate gradient method is well suited, though
multigrid methods can also be used.

§ This work focuses on comparing the speed and accuracy of several high order

finite difference spatial discretization using a conjugate gradient linear solver and
a fast Fourier transform based spatial discretization.

§ In addition implementations using second and fourth order time-stepping are also

included in the comparison.

§ The work uses accuracy-efficiency frontiers to compare the effectiveness of five

hardware platforms ARM CPU, an AMD x86-64 CPU, two Intel x86-64 CPUs and a
NEC SX-ACE vector processor.

§ The example programs are written in Fortran and can be found at

https://github.com/bkmgit/KleinGordon1D

§ Hazelhen is a Cray XC 40 supercomputer with Intel Haswell E5-2680v3 chips with a

nominal speed of 2.5 GHz and 30 MB L3 Cache. Each node has 24 cores per node (2 chips
with 12 cores each) with 136 Gb/s bandwidth and 960 Gflops per node peak
performance.
§ Kabuki is a NEC SX-ACE supercomputer. Each node has 4 cores with 256 GB/s bandwidth
and 256 Gflops peak performance. Each chip has a nominal speed of 1 GHz and each core
has 1Mb Cache.
§ Ibex is a heterogeneous cluster with a mix of AMD, INTEL and NVIDIA GPUs. It is made up
of 864 nodes.
§ Isambard is a Cray XC 50 supercomputer with ARM Marvell Thunder X2 chips with a
nominal speed of 2.1 GHz and 32MB L3 cache. Each node has 64 cores (2 chips with 32
cores each) with 320 Gb/s bandwidth and 1130 Gflops per node peak performance.
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§ High order methods can take advantage of multiple floating point units and so, do

not require much more computation time and give smaller error than low order
methods.

§ Their use should be encouraged in the numerical approximation of partial

differential equations, this hold also for spectral element methods.

§ For benchmarks based on mini-applications, compute resources to solution at

specified accuracy may be a good metric to use in evaluating performance rather
than speed of performing a fixed set of operations.

§ This would allow for architecture specific flexibility and can minimize cost to

solution, though may require some programming effort.

§ Questions/Comments and Collaborations are welcomed
§ Websites: http://www.fft.report/, http://www.parallelbenchmark.com/,

http://parallel.computer/
§ Email: samar.aseeri@kaust.edu.sa
§ Twitter: @samar_hpc
§ Upcoming Benchmark venues:

